Based on network externalities and demand uncertainty environment, supply chain competition model is built; we identify the valid mechanism for the alternative range of profit-sharing contracts and also analyze the effect of product substitutability coefficient and network externalities on the alliance and profit-sharing contract. The results show that the vertical alliance contributes profit improvement to both the manufacturer and the retailer when the impact of network externalities on the product substitutability is not strong. However, vertical alliance will be out of operation when the effect of network externalities on the product substitutability is strong.
Introduction
In many industries, the competition among enterprises is evolving to supply chain competition (Boyaci and Gallego [1] , Barnes [2] , Majumder and Srinivasan [3] , and Ai et al. [4] ). Deloitte investigated more than 200 large-scale industries and proposed this point in its research report. In the report, the industries exhibit network externalities, for example, automotive manufacturing, consumer products, high technology products, and telecommunications. Katz and Shapiro [5, 6] propose that, in the presence of network externalities, more people use the product, and the customer could obtain more utility from purchasing the product. Katz and Shapiro [7] consider market competition between systems and network effects. Chou and Shy [8] use the Hotelling model and conclude that both the market share and the amount of a software increase when the compatibility of the software increases. For a duopoly durable goods market, Xie and Sirbu [9] use a differential game and examine the dynamic pricing behaviors when the market faces price competition and strong demand externalities. Cottrell and Koput [10] use a case study and estimate that software variety has an effect on hardware price. Baake and Boom [11] consider the equilibrium in a model with vertical product differentiation and network externalities. Foros and Hansen [12] consider a two-stage game which exhibits positive network externalities between two competitive internet service providers. They demonstrate that if the products are vertically differentiated, the firm which provides the superior product would have the larger market share. Doganoglu and Grzybowski [13] propose the symmetric subgame perfect equilibrium in a two-period competition facing switching costs and network effects. They present that as network effects increase, two-period equilibrium prices tend to be lower. Viswanathan [14] uses spatial differentiation model and analyzes the impact of network externalities on technologydifferentiated channels competition. The analysis indicates that consumers can benefit from network externalities under competition.
Hoernig [15] studies strategic delegation in a price competition model with network externalities by considering the complementary or alternative strategies. Chirco and Scrimitore [16] investigate the impact of network externalities on the strategic choice by comparing the pp subgame,subgame, and pq subgame. H.-C. Chen and C.-C. Chen [17] analyze the equilibrium behavior in the context of Cournot competition with product differentiation and network externalities. Under product compatibility, they show that, due to higher spillover effect, a firm has a greater competitive disadvantage when degree of compatibility is higher. Previous studies on network 2 Discrete Dynamics in Nature and Society externalities predominantly focus on equilibrium behavior under duopoly market or problems of industrial organization of single supply chain rather than competitive problems between two supply chains.
Competition between two supply chains has been proposed in many literatures. Mcguire and Staelin [18] analyze a vertical structure in the context of competitions at two manufacturers and two excusive retailers. They show that a decentralized distribution system strategically can shield manufacturers from price competition. Unlike Mcguire and Staelin's article, Coughlan [19] extends a linear demand function model to a more general demand function. Moorthy [20] focuses on the choice of manufacturer's channel structure and investigates the role of strategic interaction by using Mcguire and Staelin's model. Atkins and Zhao [21] examine the supply chain structure under competition framework through retail price and retailer's service. Xiong and Nie [22] use a price and advertising sensitive linear demand function and examine the equilibrium of price and the advertising level in centralized and decentralized structure.
Our paper is particularly relevant to studies on the supply chains under demand uncertainty. Wu and Chen [23] focus on the channel structures of two supply chains facing demand uncertainty scenario. Wu et al. [24] analyze a dual-channel distribution system design under demand uncertainty. They concentrate on considering different scenarios to show the impact of product substitutability and demand uncertainty on the equilibrium channel structure. Under basic chainto-chain framework, Wu et al. [25] investigate the equilibrium behavior and coordination when retailers face demand uncertainty. Xiao and Yang [26] analyze the competition through the price and service as the factors which could affect the demand and address risk sensitivity on the retailers' side. They suggest that the retailers' risk sensitivity and demand uncertainty can affect the players' optimal decisions. Xiao and Yang [27] consider the scenario in which one-retailer to one-manufacturer supply chain competes with an integrated supply chain. They explore the impact of demand uncertainty and risk-sharing rule on the revelation information mechanism designed by the manufacturer. Chai et al. [28] develop a model in which one supplier supplies products to two competitive retailers simultaneously. Two retailers face demand disruption and they compete with retail price through decentralized or centralized structure. However, effects of network externalities have not been examined in this stream of literature.
Contract has been applied as an important approach in chain-to-chain competition. Ha and Tong [29] use a two-stage game to analyze how the contract menus and linear price contracts affect information sharing value in two competitive and exclusive supply chains. Shou [30] studies the equilibrium decisions and contract terms on supply chain management when two competing supply chains face supply uncertainty. They obtain that, for a supply chain with linear contract, a coordinating contract can make both supplier and retailer better off regardless of whether the other supply chain coordinates or not. The profit-sharing contract has been applied as an important approach in many industries facing competition among firms. For instance, Rolls Royce signed profit-sharing contracts with its upstream global suppliers to develop the Trent 500 engine. Yao et al. [31] investigate a profit-sharing contract under two competing retailers who face stochastic demand. They find that profit-sharing contract can effectively improve the supply chain performance. The intensity of competition between the retailers makes system efficiency be higher. Our paper is related to Yao et al.; however, there is difference in the decision structure. We consider the competition between two supply chains under network externalities. Moreover, we examine the impact of the network externalities on the product substitution intensity and profit-sharing contract.
The rest of this paper is organized as follows. Considering the network externalities and demand uncertainty, the model of two competitive supply chains is described in Section 2. Under supply chain competition, RR case, WW case, and RW case are discussed in Section 3. In Section 4, we analyze and compare profit-sharing contract and wholesale price contract. Section 5 concludes marks and possible future work.
The Basic Model
We present models for two competitive supply chains facing demand uncertainty in a common market. Each manufacturer sells substitutable products with network externalities to the specific retailer and his unit production cost could be zero.
The sequence of decision-making is as follows:
(1) Contract Decision. Both manufacturers of competitive supply chains offer a contract to their own retailer simultaneously. Each manufacturer chooses either a profit-sharing contract or a wholesale price contract.
(2) Price Decision. (a) If a profit-sharing contract is offered in stage 1, based on the demand forecasts, the supply chain members should integrate to decide the retail price and the profit share. (b) If a wholesale price contract is offered, the manufacturer decides the optimal wholesale price. Given the wholesale price, the retailer decides retail price based on the demand forecasts.
(3) Competition. Based on the contract price decisions, horizontal competition between two supply chains is formed. According to the definition of network externality [5, 6] and the expression of linear demand function, the inverse demand functions for the supply chains with network externalities are
is the retail price, represents the selling quantity, and is the expected network size of product . ( ) is networkexternality function. We assume that = and ( ) = ; ∈ (0, 1) is the degree of network externality. So the inverse demand functions for the supply chains can be written as
Discrete Dynamics in Nature and Society 3
The corresponding demand functions are
where is the potential market size and its mean is 1; presents the uncertainty due to the uncertainty of consumer awareness. We assume that is a normal distribution and its mean and variance, respectively, are 0 and V. is the product substitution coefficient between two supply chains. Following Vives [32] and Raju and Roy [33] , in the common market, each retailer can obtain a forecast as , and characters the forecasting error. Seals season coming, two supply chains have the experience in selling the products and introduce √V in the forecasting model; then the information of the retail is
is a random variable which reflects the retailer's market forecast error with mean 0 and variance . Consider = ( | ) = 1 − + , where = 1/(1 + ) for ∈ (0, 1] is a measure of forecasting precision. We suppose that the information of the two retailers is independent, so we have
Contracts under Supply Chain Competition

RR Case: Both Supply Chains
Are Integrated through Profit-Sharing Contract. We discuss the case in which each manufacturer chooses a profit-sharing contract. In the RR case, both supply chains are integrated. Given its own retailer's forecast, each supply chain's purpose is to make the supply chain's conditional expected profit maximize. Under network externalities and demand uncertainty, the expected profits of both supply chains are max ( | ) = ( | ) .
As to the optimal price for each supply chain in the RR case, the following lemma is obtained.
Lemma 1. The retail price equilibrium for both supply chains, denoted as
, is
This lemma means that, in an RR market, the supply chain's optimal retail price is existent and unique.
From Lemma 1, we get the expected profits of both supply chains as
When a profit-sharing contract is offered, for each supply chain, supply chain members determine the retailer's profit share , and the manufacturer's profit share is 1 − . From (7) , the expected profits of the manufacturers and the retailers, denoted as rr and rr , are
WW Case: Both Supply Chains Choose Wholesale Price
Contract. In the WW case, the wholesale price contracts would be offered by the manufacturers. Manufacture intends to make its own profit maximize by setting the wholesale price . When the retailer accepts the wholesale price, then he decides to optimize his conditional expected profit given its own forecast. The expected profit of retailer , given a forecast, is max ( | ) = ( − ) ( | ) .
The profit of manufacturer is max ( ) = ( ) .
As to the manufacturer's and retail's optimal price in the WW case, the following lemma is obtained. 
Lemma 2 means that, in the WW market, the manufacturer's optimal price decision is existent and unique and the retail's price decision relies on the forecast.
From Lemma 2, the expected profits of the retails and the manufacturers, denoted as ww and ww , are
From (12), the expected profits of both supply chains, denoted as ww , are
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RW Case: The First Supply Chain Chooses a Profit-Sharing Contract and the Second Supply Chain Chooses Wholesale
Price Contract. In the RW case, we suppose the first supply chain offers a profit-sharing contract to its own retailer, while the second supply chain chooses the other contract. The first supply chain's expected profit conditioned on the forecast of retailer 1 is
Retailer 2's expected profit conditioned on his own forecast and the profit of the manufacturer 2, respectively, is
As to the optimal retail price of the first supply chain and the optimal choice for wholesale price and retail price of the second supply chain in the RW case, the following lemma is obtained.
Lemma 3.
Using backward induction, we obtain the optimal retail price of the first supply chain, and the optimal choice for wholesale price and retail price of the second supply chain, denoted as 1 , 2 , and 2 , are
From Lemma 3, the expected profit of supply chain 1, denoted as 1rw , is
Supply chain members share the profit of the integrated chain; from (20) , the expected profits of manufacturer 1 and retailer 1 in the first supply chain, denoted as 1rw and 1rw , are
From (18) and (19) , the expected profits of manufacturer 2 and retailer 2 in the second supply chain, denoted as 2rw and 2rw , are
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Taking (5)-(23) into account, the optimal decisions must be greater than zero; we can easily derive that 0 < < 1 and 0 < < 0 , where 0 = (1 − ). 
Analysis and Comparison of Contracts
where 1 and 4 are threshold values for 1rr = 1ww and 1rr = 1ww , respectively:
Comparison of 1 to 4 , denoted as 1 − 4 , is as follows: This proposition means that when the products offered by both supply chains exhibit network externalities, the product substitutability coefficient in two competitive supply chains system depends on the network-externality parameter.
Furthermore, the retailers' profit share range depends on the network-externality parameter, product substitutability, and the demand uncertainty. Under demand uncertainty, if the product substitutability coefficient is below 0.4226 (1 − ) and if retailers can accept a profit share in the range ( 1 , 4 ) , a profit-sharing contract is a better strategy for either manufacturers or retailers in two competitive supply chains.
When the Second Supply Chain Chooses a Wholesale Price
Contract. From Lemmas 2 and 3, we can compute 1rw − 1ww and 1rw − 1ww and derive 6 Discrete Dynamics in Nature and Society
where 2 and 5 are threshold values for 1rw = 1ww and 1rw = 1ww , respectively:
Comparison of 2 to 5 , denoted as 2 − 5 , is as follows: This proposition means that when the products offered by both supply chains exhibit network externalities, the product substitutability parameter in two competing supply chains system depends on the network-externality parameter.
Furthermore, the retailers' profit share range depends on the network-externality parameter, product substitutability, and the demand uncertainty. Under demand uncertainty, if the degree of product substitutability is below 0.7507(1 − ) and if retailers can accept a profit share in the range ( 2 , 5 ), in case the second supply chain chooses a wholesale price contract, for the first supply chain, a profit-sharing contract is a better strategy for either manufacturer or retailer.
When the First Supply Chain Chooses a Profit-Sharing
Contract. From Lemmas 1 and 3, we can compute 2rr − 2rw and 2rr − 2rw and derive
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Lemma 8. If 0 < < 1, 0 < < 0.9194(1 − ), then 3 < 6 .
Proposition 9. If 0 < < 1, 0 < < 0.9194(1 − ), when profit share is in the range of 3 < < 6 and the first supply chain offers a profit-sharing contract, the second supply chain has an incentive to offer a wholesale price contract, since
This proposition means that when the products offered by both supply chains have network externalities, the product substitutability coefficient in two competitive supply chains system depends on the network-externality parameter. Furthermore, the retailers' profit share range depends on the network-externality parameter, product substitutability, and the demand uncertainty. Under demand uncertainty, if the degree of product substitutability is below 0.9194(1 − ) and if retailers can accept a profit share in the range ( 3 , 6 ), for the second supply chain, once the first supply chain offers a profit-sharing contract, a profit-sharing contract is a better strategy for either manufacturer or retailer.
Contract Evolution Analysis
Lemma 10. If 0 < < 1, 0 < < 0.4226(1 − ), then 1 > 2 , 1 > 3 , and 1 < 4 < 5 < 6 . Proposition 11. If 0 < < 1, 0 < < 0.4226(1 − ), and 1 < < 4 , contract evolution of competitive supply chains is → / → . This proposition means that when the products offered by both supply chains exhibit network externalities, the product substitutability coefficient in two competitive supply chains system depends on the network-externality parameter. Furthermore, the retailers' profit share range depends on the network-externality parameter, product substitutability coefficient, and the demand uncertainty. If product substitutability coefficient is below 0.4226(1 − ) and if retailers can accept a profit share in the range ( 1 , 4 ), the equilibrium contracts choice of competitive supply chains is profit-sharing contracts. When the profit-sharing contract is negotiated by the supply chain members, they can obtain Pareto improvement. Proposition 12. If 0 < < 1, 0.4226(1 − ) < < 1, profitsharing contracts cannot be the equilibrium contracts choice of competitive supply chains. If a profit-sharing contract is offered, the manufacturer and retailer's profits could reduce.
Using a numerical example, we can illustrate the effect of the product substitutability coefficient on the retailer's profit share range. We set = 0.2, V = 0.5, and = 0.5. The findings are shown in Figure 1 . Figure 1 shows that, in region A, a profit-sharing contract could be a better strategy for the manufacturers and the retailers under the chain-to-chain competition. As the degree of product substitutability increases, the retailer's profit share range shrinks.
To illustrate the effect of the network-externality parameter on the retailer's profit share range, we use a numerical study and set = 0.2, V = 0.5, and = 0.1. The results are shown in Figure 2 . Figure 2 shows that, in region B, a profit-sharing contract could be a better strategy for the manufacturers and the retailers when they face competition between two supply chains. As the network-externality parameter increases, the retailer's profit share range shrinks. This proposition means that when the products offered by both supply chains exhibit network externalities, the degree of product substitutability under the chain-to-chain competition depends on the network-externality parameter weekly; as the demand variance increases, the retailer's profit share could increase. When demand variance (V) is higher, retailers' demand forecasting information becomes important for both supply chains. Because the retailers have information superiority, they have strong bargaining power to negotiate a higher profit share. It also means that when demand variance (V) is extremely high, that is, V → ∞, the retailer's profit share is approaching 1 for having the advantage of obtaining demand forecasting information.
The Effect of the Demand Uncertainty
Conclusions and Future Research
Under the framework of demand uncertainty, we consult the competition between two supply chains. Each manufacturer produces substitutable products in the presence of network externalities to the retailer. We present the supply chain members' strategy decisions for different contract configurations and the equilibrium contract choice between the manufacturer and the retailer.
We show that the degree of network externality affects the product substitutability coefficient, and the degree of network externality and product substitutability coefficient affect profit share range. We also show that when the impact of network externality on the product substitutability coefficient is not strong ( ∈ (0, 0.4226(1 − ))) and the retailer can negotiate a profit share in the range ( 1 , 4 ), the vertical alliance contributes profit improvement to both the manufacturer and the retailer; however, vertical alliance will be out of operation when the impact of network externality on the product substitutability coefficient is strong. Furthermore, using a numerical study, this paper suggests that the profit share range of the retailer shrinks as the degree of product substitutability increases and shrinks as the networkexternality parameter increases.
There are several directions for future research. First of all, we assume that two supply chains' substitutability coefficients and the network-externality parameters are identical. The case with specific network-externality parameter in each supply chain might be interesting. Second, one extension of this work is to consider the case with risk-averse suppliers. Third, the case with multiple competing supply chains in the presence of network externalities could be challenging.
